
Attractors of flows presenting
equilibria

Maria José Pacifico
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Interest

Understand the behavior of : attractors of 3-flows presenting
equilibria accumulated by regular trajectories.

Main example Geometric Lorenz attractor.

First Case: Expanding

Second Case: Contracting

(1) from the topological point of view.

(2) from the statistical point of view.

We start recalling these attractors.
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Lorenz attractor

Lorenz (1963) exhibited a 3-dimensional o.d.e. whose solutions
seemed to depend sensitively on the initial point.

Lorenz equations:

X(x, y, z) =


ẋ = 10 (−x+ y)
ẏ = 28x− y − xz
ż = −8/3 z + xy ,

where α, β, γ are real parameters.
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Lorenz Conjecture

The flow generated by the equations above contains a volume
zero attractor Λ that is sensitive with respect to initial data.

Figure: Butterfly shape of a Lorenz attractor.
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Shimizu-Morioka model

Shimizu and Morioka (1980) exhibited a 3-dimensional o.d.e.
whose bifurcation present a Lorenz attractor.

Shimizu-Morioka equations:

X(x, y, z) =


ẋ = y
ẏ = x− λy − xz
ż = −αz + x2 ,

where α, λ are real positive parameters.
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Lorenz at Shimizu-Morioka model



Attractors with spiral geometry

The possible existence of attractors with spiral geometry
seems to have been first envisaged by Ya. Sinai.

Numerical evidence for the occurrence of such attractors in
flows with homoclinic connections associated to saddle-focus
singularities has been provided by many authors.
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Attractor with spiral geometry: Chua’s circuit

Chua’s circuit can be modelled by:

X(x, y, z) =


ẋ = α[y − x− g(x)]
ẏ = x− y + z
ż = −βy ,

where α, β are real positive parameters.

These represent the voltages across capacitors C1, C2 and the
current of the inductor respectively, as denoted in the
schematic above. and depend on the actual circuit
components. g(x) is a piecewise-linear function representing
the change in resistance vs. current across the Chua Diode
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Chua’s circuit

Basic chua’s circuit schematic



Pictures for Chua’s bifurcations



Attractors with spiral geometry

An example of what may be a spiral attractor is depicted
below corresponding to the ordinary differential equation

...
x +a

..
x +

.
x= b(3x− x3) for a = 0.3 and b = 0.16.

Suggests: simple equations might exhibit these attractors.
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Back to Lorenz Conjecture

The solution of this conjecture was given by Tucker, at the
year 2000.

Meanwhile, it was introduced a geometric model for this
attractor, that satisfies all all the predictions by Lorenz, that
we present very briefly in the sequel.
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Meanwhile: geometric Lorenz flow

Introduced by ABS and GW in the seventies to model the flow
generated by the Lorenz’ equations.
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Expanding Geometric Lorenz attractor

The eigenvalues satisfy the condition

0 < −λ3 < λ1 < −λ2, λ3 + λ1 > 0.

p

λ

λ2 λ3 + λ1 0

1λ

3λ



Main hypothesis

Existence of a contracting foliation F s for the Poincaré map

P : Σ→ Σ; Σ = S− ∪ Γ ∪ S+
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The quotient map

The quotient map f : I → I associated to F s:

f

0
+1/2−1/2



Properties of f imply solution for Geo Lorenz flow

f is increasing, |f ′| >
√

2 where it is defined and |f ′(0±| =∞.

⇓

The maximal invariant set Λf is a transitive attractor for f .

⇓

The maximal invariant set ΛP is a transitive attractor for P .

⇓

Conjecture by Lorenz follows for geometric models.
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Characterization of robust transitive sets of flows

Remark. A geometric Lorenz flow is robust.

Figure: Morales, Pacifico, Pujals

Theorem A Robust transitive sets for 3-flows are either
hyperbolic or singular-hyperbolic.

Theorem B Robust transitive sets for 3-flows with equilibria
are partially hyperbolic attractors or repellers.

Λ is singular-hyperbolic: partially hyperbolic, central
bundle expanding area ∼ Lorenz-like attractor.
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From statistical point of view

Theorem. A Lorenz-like flow has a SBR-measure µ.

Figure: Araujo, P, Pujals, Viana
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From statistical point of view

Theorem. Let X t a geometric Lorenz flow. Then for µ-almost
all x, limr→0

log τr(x,x0)
− log r

= dµ(x0)− 1.

Figure: Galatolo, P



Hitting time

Fix x0 ∈M and let Br(x0): ball with radius r at x0 ∈ Λ.
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The hitting time τr(x, x0) is the time needed to the orbit of x,
O(x), to enter for the first time in Br(x0). And dµ is the local
dimension , of the measure µ at x0
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Chaotic systems

If (X,T, µ) is chaotic, it is expected: the orbit of x must visit
S with (asymptotic) frequency µ(S), for S small, that is,

τ(S, x) ≈ 1
µ(S)

In general this is not the case, even for nice sets as balls.

To quantify this, let us recall the notion of local dimension ,
dµ(x0), of the measure µ at x0:

dµ(x0) = limr→0
logµ(Br(x0))

log r
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Log law for hitting time of geom. Lorenz flow

The proof depends strongly on

Theorem. Let F be the Poincaré map and µ the SBR measure
for a Geom. Lorenz X t. Then F has exponential decay of
correlations.

Recall that F has exponential decay of correlations: ∃ C > 0,
λ < 1 s.t. ∀ n ≥ 1 it holds

|
∫
g(F n(x)) · f(x)dµ−

∫
f(x)dµ ·

∫
g(x)dµ| ≤ Cλn.
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Geom. Lorenz: Steps

F : Σ→ Σ: the first return map to Σ, a cross section to X t.

1. Theorem. Let µF an invariant SRB measure for F . Then
the system (Σ, F, µF ) is fastly mixing (exponentially).

2. Theorem. µF is exact, that is, dµF (x) exist almost every
x ∈ Σ.

3. Let x0 ∈ Σ and τr,Σ(x, x0) be the time needed to Ox
enter for the first time in Br(x0) ∩ Σ = Br,Σ.

Theorem.
limr→0

log τr(x,x0)
− log r

= limr→0
log τr,Σ(x,x0)

− log r
= dµF (x0).

4. Theorem . dµ(x) = dµF (x) + 1.
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Contracting Lorenz attractor

The construction of a contracting Lorenz attractor is much the
same as the geometric Lorenz attractor. Such attractor is
named nowadays a Rovella attractor.

Differences : (1) the condition λ1 + λ3 > 0 is replaced by
λ1 + λ3 < 0, and (2) r > s+ 3, r = −λ2

λ1
, s = −λ3

λ1
> 1.
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1-dimensional Rovella map

The 1-dimensional Rovella map f0 :

1− 1 0



Comments on Rovella attractor

The map f0 is chaotic and not stable, since it is accumulated
by maps which have periodic attracting orbits.

On opposition to the robustness of a Lorenz attractor, the
Rovella attractor is not robust .

But, it persists in a measure theoretical sense: there exists a
one-parameter family of positive Lebesgue measure of C3 close
vector fields to X0, the starting vector field, which have a
transitive non-hyperbolic attractor.
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Log law for Rovella attractor

Theorem. - A Rovella attractor has a SBR-measure µ.

Theorem. (GNP) Let F be the Poincaré map and µ the SBR
measure for a Geom. Rovella flow X t. Then F has
exponential decay of correlations.

Theorem. (GNP) Let X t a geometric Rovella flow. Then for

µ-almost all x, limr→0
log τr(x,x0)
− log r

= dµ(x0)− 1.

S. Galatolo, I. Nisoli and M. J. Pacifico
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Back to attractors with spiral geometry

Goal : Prove the existence of flows in 3-dimensional manifolds
displaying global “strange” attractors with spiral geometry.

Start with a double Shilnikov connection for a vector field X:

a

b
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Classical Shilnikov result

A classical result of Shilnikov asserts that X has infinitely
many periodic orbits of saddle type.

On the other hand, under some open conditions that we
assume here, the flow of X admits a “trapping region”
containing the homoclinic trajectories: there exists a
cross-section Σ which is mapped strictly inside itself by
the first-return map F .
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Unfolding the homoclinic connection

We consider the unfolding of the homoclinic connections by
smooth one-parameter families of vector fields (Xµ)µ : as the
parameter µ varies the unstable separatrices and the local
stable manifold of the singularity move with respect to each
other with nonzero velocity.

Let (X t
µ)t the flow of Xµ, and Fµ be the first-return map to a

cross section Σ. Then Fµ(Σ) ⊂ Σ for all small µ, and this
means that the whole asymptotic dynamics of Xµ related to
the homoclinic connections is contained in the saturation

Λ̂µ = clos
(⋃
t>0

X t
µ(Λµ)

)
of Λµ =

⋂
n≥0

F n
µ (Σ).



The result concerning spiral attractors

For a set of values of µ with positive Lebesgue measure, Λ̂µ is
a “strange” attractor: typical orbits exhibit positive Lyapunov
exponents, in particular Λ̂µ does not contain periodic (trivial)
attractors.



How the proof goes

We do this in five main steps.

(1) First we describe a one-dimensional model, fµ, µ ∈ R, of
circle maps with infinitely many critical points.

(2) Then we describe a family Fµ of maps of the annulus Σ̃,
related to these fµ.

(3) Exhibit a family of vector fields Xµ, having Σ̃ as a
cross-section and Fµ as the corresponding Poincaré return
maps.

(4) Prove the result for the family Fµ of Poincaré maps.

(5) The final step is to extend the result to the family of
flows Xµ with Poincaré maps Fµ.
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Construction: the starting flow

We start with a vector field Y0 in R3, which is a variation of
the geometric Lorenz model.

Figure: A Lorenz-like flow

Note that the cross section now is an annulus.
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Modifying Y0

1 We modify the vector field Y0 in a small neighborhood of
the origin, so as to change the singularity into a
saddle-focus: its contracting eigenvalues become complex
numbers λ± iω.

1 We do this keeping the expanding eigenvalue θ and the
local stable and the local unstable manifolds unchanged.
In particular, the new vector field X0 also has a double
homoclinic connection.

1 Then we let Xµ be a one-parameter family of vector fields
through X0 unfolding the homoclinic connections: the
relative position of the local stable and unstable manifolds
of the singularity varies as the parameter changes.
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through X0 unfolding the homoclinic connections: the
relative position of the local stable and unstable manifolds
of the singularity varies as the parameter changes.
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Annulus cross-section to the flow
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Figure: A return map to the annulus



Local Poincaré return maps
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Figure: Local Poincaré return maps



The Basin of Attraction

Boundary of the basin: segments of W u(Pi) and W s(Pj).

.

.

.



To solve: use the method

We follow the strategy used in the Henón case, developed by

Also profit from a guide line given by
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You can find references in my book



Finally

Many thanks.


